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PREFACE

The study of the history of mathematical notations was sug-
gested to me by Professor E. H. Moore, of the University of Chicago.
To him and to Professor M.W. Haskell, of the University of California,
I am indebted for encouragement in the pursuit of this research. As
completed in August, 1925, the present history was intended to be
brought out in one volume. To Professor H. E. Slaught, of the Uni-
versity of Chicago, I owe the suggestion that the work be divided into
two volumes, of which the first should limit itself to the history of
symbols in clementary mathematics, since such a volume would ap-
peal to a wider constituency of readers than would be the case with
the part on symbols in higher mathematics. To Professor Slaught I
also owe generous and vital assistance in many other ways. He exam-
ined the entire manuseript of this work in detail, and brought it to
the sympathetic attention of the Open Court Publishing Company. I
desire to record my gratitude to Mrs. Mary Hegeler Carus, president
of the Open Court Publishing Company, for undertaking this expen-
sive publication from which no financial profits can be expected to
accrue.

I gratefully acknowledge the assistance in the reading of the proofs
of part of this history rendered by Professor Haskell, of the Uni-
versity of California; Professor R. C. Archibald, of Brown University;
and Professor L. C. Karpinski, of the University of Michigan.

Frorian CaJori
UNIVERSITY OF CALIFORNIA
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I
INTRODUCTION

In this history it has been an aim to give not only the first appear-
ance of a symbol and its origin (whenever possible), but also to indi-
cate the competition encountered and the spread of the symbol among
writers in different countries. It is the latter part of our program
which has given bulk to this history.

The rise of certain symbols, their day of popularity, and their
eventual decline constitute in many cases an interesting story. Our
endeavor has been to do justice to obsolete and obsolescent notations,
as well as to those which have survived and enjoy the favor of mathe-
maticians of the present moment.

If the object of this history of notations were simply to present an
array of facts, more or less interesting to some students of mathe-
maties—if, in other words, this undertaking had no ulterior motive—
then indeed the wisdom of preparing and publishing so large a book
might be questioned. But the author believes that this history consti-
tutes a mirror of past and present conditions in mathematics which.
can be made to bear on the notational problems now confronting
mathematics. The successes and failures of the past will contribute to
a more speedy solution of the notational problems of the present time. !



o

NUMERAL SYMBOLS AND COMBINATIONS OF
SYMBOLS

BABYLONIANS

1. In the Babylonian notation of numbers a vertical wedge Y
stood for 1, while the characters { and Y» signified 10 and 100,
respectively. Grotefend! believes the character for 10 originally to
have been the picture of two hands, as held in prayer, the palms being
pressed together, the fingers close to each other, but the thumbs thrust
out. Ordinarily, two principles were employed in the Babylonial no-
tation—the additive and multiplicative. We shall see that limited use
was made of a third principle, that of subtraction.

2. Numbers below 200 were expressed ordinarily by symbols
whose respective values were to be added. Thus, Y»-<{YYY stands
for 123. The principle of multiplication reveals itself in { Y where
the smaller symbol 10, placed before the 100, is to be multiplied by
100, so that this symbolism designates 1,000.

3. These cuneiform symbols were probably invented by the early
Sumerians. Their inscriptions disclose the use of a decimal scale of
numbers and also of a sexagesimal scale.?

Early Sumerian clay tablets contain also numerals expressed by
circles and curved signs, made with the blunt circular ¢nd of a stylus,
the ordinary wedge-shaped characters being made with the pointed
end. A circle ® stood for 10, a semicircular or lunar sign stood for 1.
Thus, a “round-up” of cattle shows :'888, or 36, cows.?

4. The sexagesimal scale was first discovered on a tablet by E.
Hincks* in 1854. It records the magnitude of the illuminated portion

1 His first papers appeared in Gottingische Gelehrte Anzeigen (1802), Stiick 149
und 178; ibid. (1803), Stiick 60 und 117.

2In the division of the year and of the day, the Babylonians used also the
duodecimal plan.

3 G. A. Barton, Haverford Library Collection of 1'ablets, Part I (Philadelphia,
1905), Plate 3, HCL 17, obverse; sce also Plates 20, 26, 34, 35. Allotte de la
Fuye, “En-e-tar-zi patési de Laga3,” H. V. Hilprecht Anniversary Volume (Chi-
cago, 1909), p. 128, 133.

4 4On the Assyrian Mythology,” Transactions of the Royal Irish Academy.
“Polite Literature,” Vol. XXII, Part 6 (Dublin, 1855), p. 406, 407.

2
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of the moon’s disk for every day from new to full moon, the whole disk
being assumed to consist of 240 parts. The illuminated parts during
the first five days are the series 5, 10, 20, 40, 1.20, which is a geo-
metrical progression, on the assumption that the last number is 80.
From here on the series becomes arithmetical, 1.20, 1.36, 1.52, 2.8,
2.24, 2.40, 2.56, 3.12, 3.28, 3.44, 4, the common difference being 16.
The last number is written in the tablet V‘V;ﬁ, and, according to
Hincks’s interpretation, stood for 4 X 60 =240.

Obverse. Reverse.
g Sy
ul <
a3 ,F«
. X - o —_21
K 4!
o AN -
a
» h
N a
P Mt £ 85 =
l‘ - ¥
5 ¢ ‘[ rEmun
N Ty o 'Emuno[‘:
4 ] P = mav
‘ é‘K f ! °
: RN A .
S e

SLDe il

F16. 1.—Babylonian tablets from Nippur, about 2400 B.c.

5. Hincks’s explanation was confirmed by the decipherment of
tablets found at Senkereh, near Babylon, in 1854, and called the T'ab-
lets of Senkereh. One tablet was found to contain a table of square
numbers, from 12 to 602 a second one a table of cube numbers from 12
to 323. The tablets were probably written between 2300 and 1600 B.c.
Various scholars contributed toward their interpretation. Among
them were George Smith (1872), J. Oppert, Sir H. Rawlinson, Fr.
Lenormant, and finally R. Lepsius.! The numbers 1, 4, 9, 16, 25, 36,

1 George Smith, North Brilish Review (July, 1870), p. 332 n.; J. Oppert,
Journal asiatique (August—-September, 1872; October-November, 1874); J.
Oppert, Etalon des mesures assyr. fixé par les textes cunéiformes (Paris, 1874); Sir
H. Rawlinson and G. Smith, “The Cuneiform Inscriptions of Western Asia,”
Vol. IV: A Selection from the Miscellancous Inscriptions of Assyria (London,
1875), Plate 40; R. Lepsius, “Die Babylonisch-Assyrischen Lingenmaasse nach
der Tafel von Senkereh,” Abhandlungen der Koniglichen Akademic der Wissen-
schaften zu Berlin (aus dem Jahre 1877 [Berlin, 1878], Philosophisch-historische
Klasse), p. 105-44.
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and 49 are given as the squares of the first seven integers, respecti
We have next 1.4=82, 1.21 =92, 1.40= 102 etc. This clearly indi
the use of the scxagesimal scale which makes 1.4=60+4, 1.21=
21, 1.40=60+440, etc. This sexagesimal system marks the ea:
appearance of the all-important “principle of position” in wr
numbers. In its general and systematic application, this principl
quires a symbol for zero. But no such symbol has been found on «
Babylonian tablets; records of about 200 B.c. give a symbol for
as we shall see later, but it was not used in calculation. The ea:
thorough and systematic application of a symbol for zero anc
principle of position was made by the Maya of Central America, a
the beginning of the Christian Era.

6. An extension of our knowledge of Babylonian mathem
was made by H. V. Hilprecht who made excavations at Nuffar
ancient Nippur). We reproduce onc of his tablets! in Figure 1.

Hilprecht’s transliteration, as given on page 28 of his te
as follows:

Line 1. 125 720 Linc 9. 2,000

Line 2. IGI-GAL-BI 103,680 Line 10. IGI-GAL-BI ¢
Line 3. 250 360 Line 11. 4,000

Line 4. IGI-GAL-BI 51,840 Line 12. IGI-GAL-BI
Line 5. 500 180 Line 13. 8,000

Line 6. IGI-GAL-BI 25,920 Line 14. IGI-GAL-BI
Line 7. 1,000 90 Line 15. 16,000

Line 8. IGI-GAL-BI 12,960 Line 16. IGI-GAL-BI

7. In further explanation, observe that in

Line 1. 125=2X60+45, 720=12X60+0

Line 2. Its denominator, 103,680 =[28X60+48(?)] X6
Line 3. 250=4X60+10, 360 =6X60+4+0

Line 4. Its denominator, 51,840 =[14 X< 60-+424] X 60+
Line 5. 500=8X60+420, 180=3X60+0

Line 6. Its denominator, 25,920 =[7 X 604+12] X60+0
Line 7. 1,000=16X60-40, 90=1X60-+430

Line 8. Its denominator, 12,960 =[3 X604 36] X60+0

1 The Babylonian Ezxpedition of the University of Pennsylvania. Seri
“Cunciform Texts,” Vol. XX, Part 1. Mathematical, Metrological and C)
logical Tablets from the Temple Library of Nippur (Philadelphia, 1906), Pla
No. 25.
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Line 9. 2,000=33X60+420, 18=10+8

Line 10. Its denominator, 6,480 =[1X60+48]X60+0
Line 11. 4,000=[1X60+6] X 60440, 9

Line 12. Its denominator, 3,240 =54 X60+0

Line 13. 8,000=[2X60+13]X 60420, 18

Linc 14. Its denominator, 1,620=27X60+0

Line 15. 16,000 =[4X 60+ 26] X 6040, 9

Line 16. Its denominator, 810=13X60+30

IGI-GAL=Denominator, BI =1Its, i.e., the number 12,960,000 or 60¢.

We quote from Hilprecht (op. cit., pp. 28-30):

“We observe (a) that the first numbers of all the odd lines (1, 3, 5,
7, 9, 11, 13, 15) form an increasing, and all the numbers of the even
lines (preceded by IGI-GAL-BI='‘its dcnominator’) a descending
geometrical progression; (b) that the first number of every odd line
can be expressed by a fraction which has 12,960,000 as its numerator
and the closing number of the corresponding even line as its denomi-
nator, in other words,

12,960,000 . 12,960,000 12,960,000
125=—0s080 ° 0= prga0 0 00="g5g30
12,960,000 12,060,000 12,960,000
L000= "5+ 2000="200 s 4,000= 200
12,060,000 12,960,000
8,000="=P 0 16,000= g

But the closing numbers of all the odd lines (720, 360, 180, 90, 18, 9,
18, 9) are still obscure to me. . . . .

“The question arises, what is the meaning of all this? What in par-
ticular is the meaning of the number 12,960,000 (=60* or 3,600?)
‘which underlics all the mathematical texts here treated . ... ?.. ..
This gcometrlcal number’ (12,960,000), which he [Plato in hls Repub—
lic viii. 546B-D] calls ‘the lord of better and worse births,” is the
arithmetical expression of a great law controlling the Universe.
According to Adam this law is ‘the Law of Change, that law of in-
evitable degencration to which the Universe and all its parts are sub-
jeet’—an interpretation from which I am obliged to differ. On the
contrary, it is the Law of Uniformity or Harmony, i.e. that funda-
mental law which governs the Universe and all its parts, and which
cannot be ignored and violated without causing an anomaly, i.e. with-
out resulting in a degeneration of the race.” The nature of the “Pla-
tonic number” is still a debated question.
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8. In the reading of numbers expressed in the Babylonian sexa~
gesimal system, uncertainty arises from the fact that the early Baby-
lonians had no symbol for zero. In the foregoing tablets, how do we
know, for example, that the last number in the first line is 720 and
not 12? Nothing in the symbolism indicates that the 12 is in the place
where the local value is “sixties” and not “units.” Only from the
study of the entire tablet has it been inferred that the number in-
tended is 12X60 rather than 12 itself. Sometimes a horizontal line
was drawn following a number, apparently to indicate the absence
of units of lower denomination. But this procedure was not regular,
nor carried on in a manner that indicates the number of vacant places.

9. To avoid confusion some Babylonian documents even in early
times contained symbols for 1, 60, 3,600, 216,000, also for 10, 600,
36,000.! Thus - was 10, ® was 3,600, ® was 36,000.

in view of other variants occurring in the
mathematical tablets from Nippur, notably the numerous variants of “19,” some of
which muay be merely scribal errors:

«FE B b < B o« i, « TP «F¥
They evidently all go back to the form «T?_ or (ﬁ_ﬁ‘ (20—~1=19),

F1a. 2.—Showing application of the principle of subtraction

10. Besides the principles of addition and multiplication, Baby-
lonian tablets reveal also the use of the principle of subtraction, which
is familiar to us in the Roman notation XIX (20—1) for the number
19. Hilprecht has collected ideograms from the Babylonian tablets
which he has studied, which represent the number 19. We reproduce
his symbols in Figure 2. In each of these twelve ideograms (Fig. 2),
the two symbols to the left signify together 20. Of the symbols im-
mediately to the right of the 20, one vertical wedge stands for “one’’
and the remaining symbols, for instance Y>, for LAL or “minus”;
the entire ideogram represents in each of the twelve cases the number
20—1 or 19.

One finds the principle of subtraction used also with curved
signs;2 D ® ® Y> D meant 60+20—1, or 79.

t See Frangois Thureau-Dangin, Recherches sur Uorigine de I écriture cunéiforme
(Paris, 1898), Nos. 485-91, 509-13. See also G.. A. Barton, Haverford College
Library Collection of Cuneiform Tablets, Part 1 (Philadelphia, 1905), where the

forms are somewhat different; also the Hilprecht Anniversary Volume (Chicago,
1909), p. 128 fi.

2 G. A. Barton, op. cit., Plate‘3, obverse.
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11. The symbol used about the second century B.c. to designate
s absence of a number, or a blank space, is shown in Figure 3, con-
ning numerical data relating to the moon.! As previously stated,
s symbol, S, was not used in computation and thercfore performed

€ F <« §W s, v sl
o B AT < 8 Wz s VIl i,
« W W S 1R R S M TN
€« W T KJF 2 Busggn Sy « K S W /)
«. T | E«‘( /”""/I/W//ﬂV//T W « T w‘(«rw
€ WM W E«Fir FF @7 € €« G <
K Wi BT Q% W ¥ «® K vy
< EF &« ¥ « ﬁ?v& <<:f‘¥?”/4
C«F T < <™ <oy moty
< W @« ¥ « & € <X 9 W
G« M PTG el €F €8 B uox
<<&<<*< «4& WMEKET @ WV ALYy «F ¥

« F <@ M & W Wy
e ‘%? « p ,«i::m pe 7 ﬁW/\’ %%g gw%w «Y

F1c. 3.—Babylonian lunar tables, reverse; full moon for one year, about the
1 of the second century B.c.

ly a small part of the functions of our modern zero. The symbol is
n in the tablet in row 10, column 12; also in row 8, column 13.
1gler’s translation of the tablet, given in his book, page 42, is shown
low. Of the last column only an indistinct fragment is preserved;
2 rest is broken off.

REVERSE
..| Nisannu | 28°56’30"| 19°16’ ’* Librae 37 6°45" | 417410117 sik
..| Airu 28 3830 | 17 54 30 Scorpii 32128 | 620 30 sik
.| Stmannu | 28 2030 | 16 15 Arcitenentis| 33139 | 345 30 sik
.| Dtzu 28 1830 | 143330 Capri 33441 | 110 30 sik
.| Abu 283630 | 13 9 Aquarii 32756 | 124 30 bar
..| Ulalu 295430 | 13 330 Piscium 315 34 159 30 num
..| Tisritu 291230 | 11 16 Arietis 258 3 | 434 30 num
..| Arah-s. 293030 | 104630 Tauri 24054 | 6 0 10 num
.| Kishmu | 29 4830 | 10 35 Geminorum | 22929 | 325 10 num
.| Tebitu 29 5730 | 103230 Cancri 22430 | 067 10 num
...| Sabatu 293930 | 10 12 Leonis 23053 | 144 50 bar
...| Addru I 29 21 30 93330 Virginis 2 42 56 219 50 sik
...| Adédru 11 |29 3 30 8 36 Librae 3 021 | 464 60 sik
.| Nisannu {28 4530 | 72130 Scorpii 31736 | 5639 50 sik

1 Franz Xaver Kugler, S.J., Die babylonische Mondrechnung (Freiburg im Breis-
1, 1900), Plate IV, No. 99 (81-7-6), lower part.



8 A HISTORY OF MATHEMATICAL NOTATIONS

OBVERSE
o,y col. s
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Fra. 4.—Mathematical cuneiform tablet, CBS 8536, in the Museum of the
University of Pennsylvania.
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12. J. Oppert pointed out the Babylonian use of a designation
the sixths, viz., §, %, 4, 4, §. These are unit fractions or fractions
ose numerators are one less than the denominators.! He also ad-
1ced evidence pointing to the Babylonian use of sexagesimal frac-
1s and the use of the sexagesimal system in weights and measures.
e occurrence of sexagesimal fractions is shown in tablets recently
mined. We reproduce in Figure 4 two out of twelve columns found
a tablet described by H. F. Lutz.?2 According to Lutz, the tablet
nnot be placed later than the Cassite period, but it seems more prob-
e that it goes back even to the First Dynasty period, ca. 2000 B.c.”
13. To mathematicians the tablet is of interest becausc it reveals
rrations with sexagesimal fractions resembling modern operations
h decimal fractions. For example, 60 is divided by 81 and the
tient expressed sexagesimally. Again, a sexagesimal number with
» fractional places, 44(26)(40), is multiplied by itself, yielding a
duct in four fractional places, namely, [32]55(18)(31)(6)(40). In
s notation the [32] stands for 32X 60 units, and to the (18), (31),
, (40) must be assigned, respectively, the denominators 60, 602,
, 604,

The tablet contains twelve columns of figures. The first column
g. 4) gives the results of dividing 60 in succession by twenty-nine
‘erent divisors from 2 to 81. The cleven other columns contain
les of multiplication; each of the numbers 50, 48, 45, 44(26)(40),
36, 30, 25, 24, 22(30), 20 is multiplied by integers up to 20, then by
numbers 30, 40, 50, and finally by itself. Using our modern nu-
rals, we interpret on page 10 the first and the fifth columns. They
ibit a larger number of fractions than do the other columns.
¢ Babylonians had no mark separating the fractional from the in-
ral parts of a number. Hence a number like 44(26)(40) might be
arpreted in different ways; among the possible meanings are 44 X
+26X60+40, 44X60+26-+40X60-1, and 44+26X60-14+40X
-2, Which interpretation is the correct one can be judged only by
context, if at all.

The exact meaning of the first two lines in the first column is un-
tain. In this column 60 is divided by each of the integers written
the left. The respective quotients are placed on the right.

1 Symbols for such fractions are reproduced also by Thureau-Dangin, op. cit.,
1. 481-84, 492-508, and by G. A. Barton, Haverford College Library Collection
‘uneiform Tablets, Part I (Philadelphia, 1905).

2 “A Mathematical Cuneiform Tablet,” American Journal of Semitic Lan-
ges and Literatures, Vol. XXXVI (1920), p. 249-57.



10 A HISTORY OF MATHEMATICAL NOTATIONS

"In the fifth column the multiplicand is 44(26)(40) or 443}.
The last two lines seem to mean “60%2+-44(26)(40)=81, 60281 =
44(26)(40).”

First Column
.+ .. gal (?) -bi 40 -&m
8u a- na gal-bi 30 -&m

igi 2
igi 3
igi 4
igli 5
igi 6
igi 8
igi9
igi 10
igi 12
igi 15
igi 16
igi 18
igi 20
igi 24
igl 25
igi 28*
igi 30
igi 35*
igi 36
igi 40
igi 45
igi 48
igi 50
igi 54
igi 60
igi 64
igi 72
igi 80
igi 81

14. The Babylonian use of sexagesimal fractions is shown also in
a clay tablet described by A. Ungnad.! In it the diagonal of a rec-
tangle whose sides are 40 and 10 is computed by the approximation

1 Orientalische Literaturzeitung (ed. Peise, 1916), Vol. XIX, p. 363-68. See
also Bruno Meissner, Babylonien und Assyrien (Heidelberg, 1925), Vol. II, p. 393.

30

20

15

12

10

7(30)
6(40)

6

5

4
-3(45)
3(20)

3

2(30)
2(24)
2(13)(20)
2
1(52)(30)
1(40)
1(30)
1(20)
1(15)
1(12)
1(6)(40)
1
(56)(15)
(50)

(45)
(44)(26)(40)

50

Fifth Column
44(26) (40)
44(26) (40)
(1]28(53)(20)
[2]13(20)
[2]48(56) (40) *
[3]42(13)(20)
[4]26(40)
[5]11(6)(40)
[6]40
[7]24(26) (40)
(8]8(53)(20)
8]53(20)
[9]27(46) (40) *
[10]22(13)(20)
[11]6(40)
[11]51(6)(40)
[12]35(33)(20)
[13]20
[14]4(26) (40)
[14]48(53)(20)
(22]13(20)
[29]37(46) (40)
[38]2(13)(20)*

44(26) (40)a-na 44(26)(40)
[32]55(18)(31)(6)(40)
44(26)(40) square

igi 44(26)(40) 81

igi 81

44(26)(40)

Numbers that are incorrect are marked by an asterisk (¥).
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40+2X40<10%=-60%, yielding 42(13)(20), and also by the approxi-
mation 404102+ {2X401, yielding 41(15). Translated into the deci-
mal scale, the first answer is 42.22+, the second is 41.25, the true
value being 41.23+. These computations are difficult to explain,
except on the assumption that they involve sexagesimal fractions.

15. From what has been said it appears that the Babylonians had
ideograms which, transliterated, are Igi-Gal for ‘“‘denominator”’ or
“division,” and Lal for “minus.” They had also ideograms which,
transliterated, are Igi-Dua for ‘‘division,” and A-Du and Ara for
“times,” as in Ara—1 18, for “1X18=18,” Ara—2 36 for
“2X18=36"; the Ara was used also in “squaring,” asin 3 Ara 3 9
for “3X3=9.” They had the ideogram Ba—Di—E for “cubing,” a8
in 27-K 3 Ba-Di-E for “33=27"; also Ib-Di for “square,” as in 9-E
3 Ib-Di for “32=9.” The sign A —An rendered numbers ‘“distribu-
tive.”!

EGYPTIANS

16. The Egyptian number system is based on the scale of 10, al-
though traces of other systems, based on the scales of 5, 12, 20, and
60, are believed to have been discovered.? There are three forms of
Egyptian numerals: the hieroglyphie, hieratic, and demotic. Of these
the hieroglyphic has been traced back to about 3300 B.c.;? it is found
mainly on monuments of stone, wood, or metal. Out of the hiero-
glyphic sprang a more cursive writing known to us as hieratic. In the
beginning the hieratic was simply the hieroglyphic in the rounded
forms resulting from the rapid manipulation of a reed-pen as con-
trasted with the angular and precise shapes arising from the use of the
chisel, About the eighth century B.c. the demotic evolved as a more
abbreviated form of cursive writing. It was used since that time down
to the beginning of the Christian Era. The important mathematical
documents of ancient Egypt were written on papyrus and made use of
the hieratic numerals.4

! Hilprecht, op. cit., p. 23; Arno Poebel, Grundzige der sumerischen Grammatik
(Rostock, 1923), p. 115; B. Meissner, op. cit., p. 387-89.

2 Kurt Sethe, Von Zahlen und Zahlworten bei den alten Agyptern (Strassburg,
1916), p. 24-29.

3J. E. Quibell and F. W. Green, Hierakonopolis (London, 1900-1902), Part I,
Plate 26B, who describe the victory monument of King Ncr-mr; the number of
prisoners taken.is given as 120,000, while 400,000 head of cattle and 1,422,000
goats were captured.

¢ The evolution of the hieratic writing from the hieroglyphic is explained in
G. Moller, Hieratische Paldographie, Vol. I, Nos. 614 ff. The demotic writing
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17. The hieroglyphic symbols were | for 1, ¢ for 10, € for 100,

3 for 1,000, | for 10,000, S for 100,000, i for 1,000,000, O for

10,000,000. The symbol for 1 represents a vertical staff; that for
1,000 a lotus plant; that for 10,000 a pointing finger; that for 100,000
a burbot; that for 1,000,000 a man in astonishment, or, as more recent

Einer Zehner Hunderte Tetuusende
4111t ) ! n A A |2 = E

I

A0 Y | u an| A | s |00
A

_
Xﬁﬁ/‘:/ﬁ'
/I‘

B | Bk

- ¢

i |
3w v 10D = 3 |TEE| A | =
4o | ay .‘n“mﬂj"— “ |losm 2| == S| TT1D| M |
S o [T el % s | amim b 4
|2 |« fumie = bl o s | 5] s
Al Y Rl o R AR = e g v T PR
slun|= |~ a2 7l 21— -—"i'z (2]
NN EENE SR EE
hergt] et | et || omt] et | donct || o] et | et | P | et | et

Fr¢. 5.—Egyptian numerals. Hieroglyphic, hiceratic, and demotic numeral
symbols. (This table was compiled by Kurt Sethe.)

Egyptologists claim, the picture of the cosmic deity Hh.! The sym-
bols for 1 and 10 are sometimes found in a horizontal position.
18. We reproduce in Figures 5 and 6 two tables prepared by Kurt

is explained by F. L. Griffith, Catalogue of the Demotic Papyri in the John Rylands
Library (Manchester, 1909), Vol. 111, p. 415 fi., and by H. Brugsch, Grammaire
démotique, §§ 131 fi.

1 Sethe, op. cit., p. 11, 12.
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Sethe. They show the most common of the great variety of forms which
are found in the expositions given by Méller, Griffith, and Brugsch.

Observe that the old hieratic symbol for } was the cross X, sig-
nifying perhaps a part obtainable from two sections of a body through
the center.

Altacggptische Bruchaeichen Arabtsche Bruchsetchen
Nl=xlalals|alz,2]/7]|c]2 |
==l bsl-|s] |+
e w7l x| s s
Sl [T x| & e |/ >

2 P ‘
ikt AP EE

3 r § 2 59

%|[wm]| W

K/
s |ex (1] | |4
9 | 4%
B i, T T QT | et | eppi] Sy | B e

¥16. 6.—Egyptian symbolism for simple fractions. (Compiled by Kurt Sethe)

19. In writing numbers, the Egyptians used the principles of addi-
tion and multiplication. In applying the additive principle, not more
than four symbols of the same kind were placed in any one group.
Thus, 4 was written in hicroglyphs [[11; 5 was not written |11, but
either ||| || or ||| ll There is here recognized the same need which
caused the Romans to write V after IIII, L=50 after XXXX =40,
D =500 after CCCC=400. In case of two unequal groups, the Egyp-
tians always wrote the larger group before, or above the smaller group;

thus, seven was written e
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20. In the older hieroglyphs 2,000 or 3,000 was represented by two
or three lotus plants grown in one bush. For example, 2,000 was *;
correspondingly, 7,000 was designated by 32 M&. The later hiero-
glyphs simply place two lotus plants together, to represent 2,000, with-
out the appearance of springing from one and the same bush.

21. The multiplicative principle is not so old as the additive; it
came into use about 1600-2000 B.c. In the oldest ecxample hitherto
known,! the symbols for 120, placed before a lotus plant, signify
120,000. A smaller number written before or below or above a sym-
bol representing a larger unit designated multiplication of the larger by
the smaller. Moéller cites a case where 2,800,000 is represented by one
burbot, with characters placed beneath it which stand for 28.

22. In hieroglyphic writing, unit fractions were indicated by
placing the symbol <= over the number representing the denomina-
tor. Exceptions to this arc the modes of writing the fractions § and 3;
the old hicroglyph for 4 was ~£=, the later was /—_; of the slightly
varying hiceroglyphic forms for §, # was quite common.?

23. We reproduce an algebraic example in hieratic symbols, as it
occurs in the most important mathematical document of antiquity
known at the present time—the Rhind papyrus. The seribe, Ahmes,
who copied this papyrus from an older document, used black and red
ink, the red in the titles of the individual problems and in writing
auxiliary numbers appearing in the computations. The example
which, in the Lisenlohr edition of this papyrus, is numbered 34, is
hereby shown.? Hicratic writing was from right to left. To facilitate
the study of the problem, we write our translation from right to left
and in the same relative positions of its parts as in the papyrus, except
that numbers are written in the order familiar to us;i.e., 37 is written
in our translation 37, and not 73 as in the papyrus. Ahmes writes
unit fractions by placing a dot over the denominator, except in case of

! Jbid., p. 8.
2 Ibid., p. 92-97, gives detailed information on the forms representing §.

The Egyptian procedure for decomposing a quotient into unit fractions is explained
by V. V. Bobynin in Abh. Gesch. Math., Vol. IX (1899), p. 3.

® Ein mathematisches Handbuch der alten Agypter (Papyrus Rhind des British
Museum) tibersetzt und erkldrt (Leipzig, 1877; 2d cd., 1891). The explanation of
Problem 34 is given on p. 55, the translation on p. 213, the facsimile reproduction
on Plate X1II of the first edition. The sccond edition was brought out without the
plates. A more recent edition of the Ahmes papyrus is due to T. Eric Peet and
appears under the title The Rhind Mathematical Papyrus, British Museum,
Nos. 10057 and 10058, Introduction, Transcription, and Commentary (London,
1923).
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1, 4, %, 1, each of which had its own symbol. Some of the numeral
symbols in Ahmes deviate somewhat from the forms given in the two
preceding tables; other symbols are not given in those tables. For the
reading of the example in question we give here the following symbols:

Four — One-fourth X

Five 1 Heap wEt See Fig. 7
Seven 2 The whole 3 See TMig. 7
One-half 7 It gives 3% See Fig. 7

w@} ol j\’huu&l:

=A% *>l.
| A7 Ml s

YA 23t £~

|
\
=i-ix7ll7/°
2’531!. 4o Q=A5%) %

A 'i”l—-ﬂ—“\-/\— Z -

F16. 7.—An algebraic equation and its solution in the Ahmes papyrus, 1700
B.C., or, according to recent authorities, 1550 B.c. (Problem 34, Plate XIII in
Eisenlohr; p. 70 in Peet; in chancellor Chace’s forthcoming edition, p. 76, as R. C.
Archibald informs the writer.)

Translation (reading from right to left):
“10 gives it, whole its, 1 its, § its, Heap No. 34

b i 141
1 43 §3..
1 4 § 5is heap the together 7 4
P
Proof the of Beginning
et %o
drti2 4
1 1 Remainder } 4 9 together ;%311 |}

14 gives o vy e T fr

21 Together .7 gives } 1 22448
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24. Explanation:

A HISTORY OF MATHEMATICAL NOTATIONS

The algebraic equation is g+:+x= 10

(1+3+Hz=10
The solution answers the question, By what must (1} }) be
multiplied to yield the product 10? The four lines 2-5 contain on the
right the following computation:
Twice (1 4 1) yields 3%.
Four times (1 1 1) yields 7.
One-seventh of (1 § 1) is 1.

1° UNITES.

ie.,

- SIGNES

WIEROGLYPHIQUES
creux et pleins,

A

HIERATIQUES ,
avee variantes,

LETTRES
NUMERALES
coples.

VALEUR
des
SIGNES,

NOMS
DE NONBAE
en
dialecte thébain.

ooon

000 00

000 000
0oon 000
0000 oo
000 000 000

)it
Yy
WAy
Wy wy g
151
% g
R R
= =
AR

gl = ] M el Y[ ] el ol

{Continued on facing page]

oua.
snau.
choment,

JStoou.
tiou,
soou.
sachf.
chmoun.

s,

[i.e., taking (1 } 1) once, then four times, together with } of it, yields
only 9; there is lacking 1. The remaining computation is on the
four lines 2-5, on the left. Since 4 of (1 § 1) yields (} {4 ) or },

% or]

(4 29 of (1 } 1), yields 4.
And the double of this, namely, (4 +,) of (1 } 1) yields 1.
Adding together 1, 4, 4 and (} 1), we obtain Heap=>5%

4 44 or 5%, the answer.
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Proof—b5 % 1 41 is multiplied by (1 4 1) and the partial products
are added. In the first line of the proof we have 5 § 1 4, in the second
line half of it, in the third line one-fourth of it. Adding at first only
the integers of the three partial products and the simpler fractions
1, 4, 1, 4, 4, the partial sum is 9 § . This is 1 } short of 10. In the
fourth line of the proof (I. 9) the scribe writes the remaining fractions
and, reducing them to the common denominator 56, he writes (in

2* DIZAINES.

SIGNES LETTRES| VALEUR |~ NOMS

— wouin des DE KOMBRE
HEROGLYPHIQUES , HIERATIQUES FRALES ¢ en

creux et plein. avee variantes. - | S1OMES. 1 (dialecte thébain,

x ,( b ' ment.
17\ k : sjoudt.

Chifire comman

des tlizniu:-s : x z : maab.
A o N

N g T, hme.

1 9] taiou.

N ’H_ ) se.
’)) 'D\ chfe.

1M Py : hnene.

% Pistaiou,
L S R S S—

Fic. 8.—Hieroglyphic, hieratic, and Coptic numerals. (Taken from A. P.
Pihan, Exposé des signes de numération [Paris, 1860}, p. 26, 27.)

red color) in the last line the numerators 8, 4, 4, 2, 2, 1 of the reduced
21 1447 11
56 56 48
amount needed to make the total product 10.

A pair of legs symbolizing addition and subtraction, as found in
impaired form in the Ahmes papyrus, are explained in § 200.

25. The Egyptian Coptic numerals are shown in Figure 8. They
are of comparatively recent date. The hieroglyphic and hieratic are

fractions. Their sum is 21. But , which is the exact
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the oldest Egyptian writing; the demotic appeared later. The Cop-
tic writing is derived from the Greek and demotic writing, and was
used by Christians in Egypt after the third century. The Coptic
numeral symbols were adopted by the Mohammedans in Egypt after
their conquest of that country.

26. At the present time two examples of the old Egyptian solu-
tion of problems involving what we now term ‘“‘quadratic equations’™
are known. For square root the symbol I has been used in the modern
hieroglyphic transcription, as the interpretation of writing in the two

papyri; for quotient was used the symbol ;3; .

PHOENICIANS AND SYRIANS

27. The Phoenicians® represented the numbers 1-9 by the re-
spective number of vertical strokes. Ten was usually designated by
ahorizontal bar. The numbers 11-19 were expressed by the juxtaposi-
tion of a horizontal stroke and the required number of vertical ones.

Palmyrenische Zahlzeihen | Y, 2, 3, 27397557, ”)’D3D’”’ﬁ
Varianten bei Gruter 1 N, 0% 9, DO, Wpr #Adgpedde
Bedeutung L& 1. 2 00, 0. 000 2497,

Fi1c. 9.—Palmyra (Syria) numerals. (I'rom M. Cantor, Kulturleben, elc., Fig. 48)

As Phoenician writing proceeded from right to left, the horizontal
stroke signifying 10 was placed farthest to the right. Twenty was
represented by two parallel strokes, either horizontal or inclined and
sometimes connected by a cross-line as in H, or sometimes by two
strokes, thus A. One hundred was written thus |<| or thus |©|. Phoe-
nician inscriptions from which these symbols are taken reach back
several centuries before Christ. Symbols found in Palmyra (modern
Tadmor in Syria) in the first 250 years of our era resemble somewhat
the numerals below 100 just described. New in the Palmyra numer-

1 See H. Schack-Schackenburg, “Der Berliner Papyrus 6619,” Zeitschrift fir
dgyptische Sprache und Allertumskunde, Vol. XXXVIII (1900), p. 136, 138, and
Vol. XL (1902), p. 65-66.

2 Qur account is taken from Moritz Cantor, Vorlesungen tiber Geschichte der
Mathematik, Vol. I (3d ed.; Leipzig, 1907), p. 123, 124; Mathematische Beitrige zum
Kulturleben der Volker (Halle, 1863), p. 255, 256, and Figs. 48 and 49.
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als is v for 5. Beginning with 100 the Palmyra numerals contain new
forms. Placing a | to the right of the sign for 10 (sce Fig. 9) signifies
multiplication of 10 by 10, giving 100. Two vertical strokes || mean
1020, or 200; three of them, 1030, or 300.

28. Related to the Phoenician are numerals of Syria, found in
manuscripts of the sixth and seventh centuries A.p. Their shapes and
their mode of combination are shown in Figure 10. The Syrians em-
ployed also the twenty-two letters of their alphabet to represent the
numbers 1-9, the tens 10-90, the hundreds 100-400. The following
hundreds were indicated by juxtaposition: 500=400+100, 600=
4004200, . . . ., 900 =400-+400-+100, or else by writing respectively
50-90 and placing a dot over the letter to express that its value is to
be taken tenfold. Thousands were indicated by the letters for 1-9,
with a stroke annexed as a subscript. Ten thousands were expressed

b1, F-g Pl-3 HP.4y —-5 -5
P—=-7 P8, P9 7.0 70 P7-1
-5, P8, O-20 70-3% [-100

Syrische Zahlzeichen

F1a. 10.—Syrian numerals. (From M. Cantor, Kulturleben, etc., Fig. 49)

by drawing a small dash below the letters for one’s and ten’s. Millions
were marked by the letters 1-9 with two strokes annexed as sub-
seripts (i.e., 1,000<1,000=1,000,000).

HEBREWS

29. The Hebrews used their alphabet of twenty-two letters for
the designation of numbers, on the deeimal plan, up to 400. Figurc
11 shows three forms of characters: the Samaritan, Hebrew, and
Rabbinic or cursive. The Rabbinic was used by commentators of the
Sacred Writings. In the Hebrew forms, at first, the hundreds from 500
to 800 were represented by juxtaposition of the sign for 400 and a
second number sign. Thus, PN stood for 500, 7N for 600, wn for 700,
Do for 800.

30. Later the end forms of five letters of the Hebrew alphabet
came to be used to represent the hundreds 500-900. The five letters
representing 20, 40, 50, 80, 90, respcctively, had two forms; one of



20 A HISTORY OF MATHEMATICAL NOTATIONS

LETTRES NOMS
51 TRANscripTion | VALEURS. NOMS
SAMARITAINES.| HEBRAIQUES. | RABBINIQUES. DES LETTRES. DE NOMBRE,

N

x

aleph, a ekhdd.
bet ) P ('hemi’”bg
ghimel, : chelochdh.

- )

dalet, arbd‘ih.

hé, khamichdh.

|

waw, chichih.
zain, chib‘dh.
khet, chemondh,

tet, tich'dh.

QA @ F 2 N &2 9 g v
s OO —¢

iod ’ ) ‘asdrdh.

e

kaph, 9 ‘esrim.

lamed., chelochim.

mem, [ arbd‘im,
noun, khamichim.
s'amek 4 chichim.
‘ain, chib‘im.

phé, chemonim,

S u Qa4 oy N

tsadé, tich‘im.
qoph, médh.

]

rech, mdtaim.

chin, chélsch méét.

S I T MO S U

arba’ méot,

YOV T Y ECTOI U v I =wIJ a5, g

F16. 11.—Hebrew numerals. (Taken from A. P. Pihan, Exposé des signes de
numération [Paris, 1860}, p. 172, 173.)
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the forms occurred when the letter was a terminal letter of a word.
These end forms were used as follows:

n T B 9
900 800 700 600 500 .

To represent thousands the Hebrews went back to the beginning of
their alphabet and placed two dots over each letter. Thereby its
value was magnified a thousand fold. Accordingly, N represented
1,000. Thus any number less than a million could be represented by
their system.

31. As indicated above, the Hebrews wrote from right to left.
Hence, in writing numbers, the numeral of highest value appeared on
the right; RF meant 5,001, {8 meant 1,005. But 1,005 could be
written also N, where the two dots were omitted, for when R meant
unity, it was always placed to the left of another numeral. Hence
when appearing on the right it was interpreted as meaning 1,000.
With a similar understanding for other signs, one observes here the
beginning of an imperfect application in Hebrew notation of the
principle of local value. By about the eighth century A.p., one finds
that the signs {72257 signify 5,845, the number of verses in the laws
as given in the Masora. Here the sign on the extreme right means
5,000; the next to the left is an 8 and must stand for a value less than
5,000, yet greater than the third sign reprosentmg 40. Hence the
sign for 8 is taken here as 800.!

GREEKS

32. On the island of Crete, near Greece, there developed, under
Egyptian influence, a remarkable civilization. Hieroglyphic writing
on clay, of perhaps about 1500 B.c., discloses number symbols as
follows: ) or | for 1, D)D) or |1 |l or ':: for 5, - for 10, \ or / for
100, & for 1,000, V for £ (probably), \\\\::::))) for 483.2 In this
combination of symbols only the additive principle is employed.
Somewhat later,® 10 is represented also by a horizontal dash; the

1G. H. I'. Nesselmann, Die Algebra der Griechen (Berlin, 1842), p. 72, 494;
M. Cantor, Vorlesungen viber Geschichte der Mathematik, Vol. 1 (3d ed.), p. 126, 127.

2 Arthur J. Livans, Scripla Minoa, Vol. I (1909), p. 258, 256.

8 Arthur J. Evans, The Palace of Minos (London, 1921). Vol. 1. p 646; see
also p. 279.
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sloping line indicative of 100 and the lozenge-shaped figure used for
1,000 were replaced by the forms O for 100, and ¢ for 1,000.

o o

000 2 — == {” stood for 2,496 .

33. The oldest strictly Greek numeral symbols were the so-called
Herodianic signs, named after Herodianus, a Byzantine grammarian
of about 200 A.p., who describes them. These signs occur frequently
in Athenian inscriptions and are, on that account, now gencrally
called Attic. They were the initial letters of numeral adjectives.!
They were used as early as the time of Solon, about 600 B.c., and con-
tinued in use for several centuries, traces of them being found as late
as the time of Cicero. I'rom about 470 to 350 B.c. this system existed
in competition with a newer one to be deseribed presently. The
Herodianic signs were

I Iota for 1 1 Eta for 100
11 or I or I" Pi for 5 X Chi for 1,000

A Delta for 10 M My for 10,000

34. Combinations of the symbols for 5 with the symbols for 10,100,
1,000 yiclded symbols for 50, 500, 5,000. These signs appear on an
abacus found in 1847, represented upon a Greek marble monument on
the island of Salamis.? This computing table is represented in Ifig-
ure 12.

The four right-hand signs I C T' X, appcaring on the horizontal
line below, stand for the fractions §, 1Y, 4, s, respectively. Procecd-
ing next from right to left, we have the symbols for 1, 5, 10, 50, 100,
500, 1,000, 5,000, and finally the sign T for 6,000. The group of sym-
bols drawn on the left margin, and that drawn above, do not contain
the two symbols for 5,000 and 6,000. The pebbles in the columns
represent the number 9,823. The four columns represented by the
five vertical lines on the right were used for the representation of the
fractional values }, '3, 3\, 41, respectively.

35. Figure 13 shows the old Herodianiec numerals in an Athenian
state record of the fifth century B.c. The last two lines are: Kepahaior

1 See, for instance, G. Fricdlein, Die Zahlzeichen und das elementare Rechnen der
Griechen und Romer (Krlangen, 1869), p. 8; M. Cantor, Vorlesungen @iber Geschichle
der Mathematik, Vol. 1 (3d ed.), p. 120; . Hankel, Zur Geschichte der Mathematik
im Allerthum und Miticlalter (Leipzig, 1874), p. 37.

2 Kubitschek, “Die Salaminische Rechentafel,” Numismatische Zeilschrift
(Vienna, 1900), Vol. XXXI, p. 393-98; A. Nagl, ¢bid., Vol. XXXV (1903), p. 131-
43; M. Cantor, Kulturleben der Vilker (Halle, 1863), p. 132, 136; M. Cantor, Vor-
lesungen 1iber Geschichte der Mathematik, Vol. I (3d ed.), p. 133.
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ava[A\@artost] ob émi 7[ns] apxfis WHHETTT ... . ; Le., “Total
of expenditures during our office three hundred and fifty-three
talents. . . .. ”

36. The exact reason for the displacement of the Herodianic sym-
bols by others is not known. It has been suggested that the com-
mercial intercourse of Greeks with the Phoenicians, Syrians, and
Hebrews brought about the change. The Phoenicians made one im-
portant contribution to civilization by their invention of the alpha-
bet. The Babylonians and Egyptians had used their symbols to
represent whole syllables or words. The Phoenicians borrowed hieratic

XLOHAVJHuX
W p L [ 4 p
» 1
-
Q
X
c < >
d
E— (1) (1] (1] (1]
I ¢ o0 ® [ ] L]
=
X
TRXPHPAPHCTX

F1a. 12.—The computing table of Salamis

signs from Egypt and assigned them a more primitive function as
letters. But the Phoenicians did not use their alphabet for numerical
purposecs. As previously seen, they represented numbers by vertical
and horizontal bars.- The earliest use of an entire alphabet for desig-
nating numbers has been attributed to the Hebrews. As previously
noted, the Syrians had an alphabet representing numbers. The
Grecks are supposed by some to have copied the idea from the He-
brews. But Moritz Cantor! argues that the Greek use is the older and
that the invention of alphabetic numerals must be ascribed to the
Greeks. They used the twenty-four letters of their alphabet, together
with three strange and antique letters, § (old van), ¢ (koppa), ?
(samp?), and the symbol 21. This change was decidedly for the worse,
for the old Attic numerals were less burdensome on the memory inas-

1 Vorlesungen iber Geschichte der Mathematik, Vol. I (3d ed., 1907), p. 25.



Fia. 13.—Account of disbursements of the Athenian state, 418-415 n.c.,
British Muscuin, Greek Inseription No. 23. (Taken from R. Brown, A History of
Accounting and Accountants [Edinburgh, 1905), p. 26.)
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much as they contained fewer symbols. The following are the Greek
alphabetic numerals and their respective values:
a By 6 e S ¢t¢n 6 ¢ «x N u v & o wm™ 9
123456789 10 20 30 40 50 60 70 80 90
4 o T v ¢ X ¥ w 2 "“° B g
100 200 300 400 500 600 700 800 900 1,000 2,000 3,000

ete.

Y
M M M ete.

10,000 20,000 30,000

37. A horizontal line drawn over a number served to distinguish
it more readily from words. The coefficicnt for M was sometimes
placed before or behind instead of over the M. Thus 43,678 was

written 8M,yxon. The horizontal line over the Greek numerals
can hardly be considered an essential part of the notation; it does not
seem to have been used except in manuscripts of the Byzantine
period.! For 10,000 or myriad one finds frequently the symbol M or
My, sometimes simply the dot -, as in B-08 for 20,074. Often? the
coefficient of the myriad is found written above the symbol p.

38. The paradox rccurs, Why did the Greeks change from the
Herodianic to the alphabet number system? Such a change would
not be made if the new did not seem to offer some advantages over the
old. And, indeed, in the new system numbers could be written in a
more compact form. The Herodianic representation of 1,739 was
x ATHITIAAAIL | [11; the alphabetic was ,ayAd. A scribe might consider
the latter a great innovation. The computer derived little aid from
either. Some advantage lay, however, on the side of the Herodianic,
as Cantor pointed out. Consider HHIIH-+I1H = f1 H, AAAA+AA = 3] A;
there is an analogy here in the addition of hundred’s and of ten’s.
But no such analogy presents itself in the alphabetic numerals, where
the corresponding steps are v+o=x and u+x=¢; adding the hun-
dred’s expressed in the newer notation affords no clew as to the sum
of the corresponding ten’s. But there was another still more impor-
tant consideration which placed the Herodianic far above the alpha-
betical numerals. The former had only six symbols, yet they afforded
an easy representation of numbers below 100,000; the latter demanded
twenty-seven symbols for numbers below 1,000! The mental effort

1 Encye. des scien. math., Tome I, Vol. I (1904), p. 12. 2 Ibid.
















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































